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Abstract. The idea that the elementary particles might have the symmetry of knots has 
had a long history. In any current formulation of this idea, however, the knot must be 
quantized. The present review is a summary of a small set of papers that began as an 
attempt to correlate the properties of quantized knots with the empirical properties of the 
elementary particles. As the ideas behind these papers have developed over a number of 
years the model has evolved, and this review is intended to present the model in its current 
form. The original picture of an elementary fermion as a solitonic knot of field, described by 
the trefoil representation of SU q (2), has expanded into its current form in which a knotted 
field is complementary to a composite structure composed of three or more preons that 
in turn are described by the fundamental representation of SL q (2). These complementary 
descriptions may be interpreted as describing single composite particles composed of three 
or more preons bound by a knotted field. 
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1 Introduction 



The possibility that the elementary particles are knots has been suggested by many authors, 
going back as far as Kelvin. 1 Among the different field theoretic attempts to construct clas- 
sical knots, a model related to the Skyrme soliton has been described by Fadeev and Niemi. 2 
There are also the familiar knots of a magnetic field; and since these are macroscopic expres- 
sions of the electroweak field, it is natural to extrapolate from macroscopic to microscopic 
knots of this same field. One expects that the conjectured microscopic knots would be 
quantized, and that they would be observed as solitonic in virtue of both their topological 
and quantum stability. It is then natural to ask if the elementary particles might also be 
knots. If they are, one expects that the most elementary particles, namely the fermions, are 
also the most elementary knots, namely the trefoils. This possibility is suggested by the fact 
that there are 4 quantum trefoils and 4 classes of elementary fermions, and is supported by 
a unique one-to-one correspondence between the topological description of the 4 quantum 
trefoils and the quantum numbers of the 4 fermionic classes. We have first attempted to 
determine the minimal restrictions on a model of the elementary particles in the context of 
weak interactions if the knotted soliton (quantum knot) is described only by its symmetry 
algebra SL q {2) independent of its field theoretic origin. The use of this symmetry algebra 
to define the quantum knot is similar to the use of the symmetry algebra of the rotation 
group to define the quantum spin. Before describing the symmetry algebra SL q {2) we shall 
describe an oriented knot by its topological invariants and by an invariant polynomial. 

2 The Characterization of Oriented Knots 

Three-dimensional knots are described in terms of their projections onto a two-dimensional 
plane where they appear as two-dimensional curves with 4-valent vertices. At each vertex 
(crossing) there is an overline and an underline. We shall be interested here in oriented 
knots. The crossing sign of the vertex is +1 or -1 depending on whether the orientation of 
the overline is carried into the orientation of the underline by a counterclockwise or clockwise 
rotation, respectively. The sum of all crossing signs is termed the writhe, w, a topological 
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invariant. There is a second topological invariant, the rotation, r, the number of rotations 
of the tangent in going once around the knot. 

Let K and K' be oriented knot diagrams with the same writhe and rotation 

w(K) = w(K') 
r(K) = r(K') 

Then K is topologically equivalent (regularly isotopic) to K' . 

We may label an oriented knot by the number of crossings (iV), its writhe (w), and 
rotation (r). The writhe and rotation are integers of opposite parity. 

3 The Kauffman Algorithm for Associating a Polyno- 
mial with a Knot 3 

Denote the Kauffman polynomial associated with a knot, K, having n crossings, by (K) n . 
Let us represent (K) n by the bracket 

<#)»~(" x ") (3-1) 

The interior of this bracket is intended to represent the projected knot when only one of the 
n crossings is explicitly shown. Let us also introduce the polynomials (K±) n _i, associated 
with slightly altered diagrams in which the crossing lines are reconnected, as follows: 

(tf-)n-i ~ ^ 'J^ and ~ ^ " A (3.2) 

Then one may define a Laurent polynomial in the parameter q by the following recursive 
rules: 

(K) n = i[<r 1/2 <tf-)„-i-g 1/2 <tf+>„-i] (/) 

(OK) = (q + q- l )(K) (II) 
(O) = q + q~ l (III) 

Every time Rule I is applied, one crossing is eliminated and the number of diagrams is 
doubled. After n applications of Rule I, we find 2 n diagrams, each with one or more internal 



loops. When these loops, indicated by O, are removed by Rules II and III we are left with a 
Laurent polynomial in q. Then (K) n is the Kauffman polynomial associated with the knot 
with n crossings denoted by K n . 

The Kauffman rules may be written entirely in terms of the Pauli matrices a± and the 
following matrix: 



n V 2 
g/ 



qi = q' 1 (3.3) 



-g 1/2 
These rules then read as follows: 

(K) n = Tr e q [a_(K_) n _ 1 + a + (K + ) n _ 1 ] (I)' 
(OK) = Trele q (K) (II)' 
(O) = Tve q e q (III)' 

where 

1 

and the a are the Pauli matrices. 

One may obtain an invariant of ambient isotopy by forming 3 ' 4 

f K (A) = (-A 3 )-^ K \K) (3.4) 

where w(K) is the writhe of K and 

A = i Tr e g (j_ (3.5) 

The Jones polynomial is 

V K (t) = f K (r 1/A ) (3.6) 

The Kauffman and Jones polynomials are topological invariants. They are invariants of 
regular and ambient isotopy respectively. 



4 The Knot Algebra 4 5 6 

The description of the knot by (/)', (//)', (III)' is invariant under the transformations 

e' q = Te q T t = T t e q T (4.1a) 
a' = a (4.1b) 



where 



c d 

if the matrix elements of T satisfy the following algebra: 

ab = qba bd = qdb ad — qbc = 1 

ac = qca cd = qdc da — q\d> = 1 

Then 

-it 



, a b 

T=\ (4.2) 



be = cb (A) 



Te q T = Te q T = e q (4.3) 



and by (4.1a) 



< = e g (4.4) 

Therefore the Kauffman algorithm as expressed in terms of e q is invariant under (4.1). 
We shall refer to (A) as the knot algebra. The matrix T, as defined by (4.2) and (A), is a 
2-dimensional representation of SL q (2). 

We shall also introduce the unitary algebra SU q {2) obtained by setting 



(4.5) 



d = a 
c = -qib 

Then (A) reduces to 

ab = qba aa + bb = 1 _ 

bb = bb {A)' 

ab = qba da + q\bb = 1 

The Kauffmann and Jones knot poynomials are left invariant by (4.1) subject to either 
(A) or (A)', the algebras defining the two-dimensional representation of SL q (2) and SU q (2). 
For the physical applications we need the higher dimensional representations of SL q (2) and 
SU q {2). 
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5 Higher Dimensional Representations of SL q (2) and 
SU q {2) 

To compute the higher dimensional representations one needs the g-binomial theorem. 7 This 
may be written in either of the following two ways: 

(A + B) n = Y.(^^j B s A n - s (5.1a) 



or as 



where 



Here 



(A + B) n = J2(^ n ) A s B n - s (5.1b) 



n 



AB = qBA and q x = q' 1 (5.2) 



with (n) q = (5.3) 



\s/ q ( n - s )J-( s )J- Q~ l 
We shall use this theorem to compute the transformations on the following class of mono- 
mials: 

ifa = N ] m xl + xl- -j<m<j (5.4a) 



where 



when 
follows 



[x u x 2 } = (5.4b) 
n± = j ± m (5.4c) 

Ni = k^TOF 5 (5 ' 4d) 

is transformed according to the 2-dimensional representations of SL q (2) as 



x\ = axi + bx 2 (5.5) 
x' 2 = cxi + dx 2 (5.6) 
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Here T = 
Then 



V 



a b 
c d 



is the 2-dimensional representation of SL q (2) introduced in (4.2). 



^ = Wjax! + bx 2 ) n +(c Xl + dx 2 ) n - (5.7) 
We assume that (a,b,c,d) commute with (x 1 ,x 2 ) so that 

(axi)(bx 2 ) = q(bx 2 )(ax 1 ) (5.8) 
(cxi)(dx 2 ) = q(dx 2 )(cxi) (5.9) 

By the g-binomial theorem 

. n + /n+\ n - / n_ \ 

tin = N LE[ J (a Xi y(bx 2 r+- s J2^ ^ j (cx^idx.r-t (5.10) 

= N LY,( n+ ) ( n ~) xi +t x% ++n -— t a a b n +-'(*<r i - t 

s,t \ S / qi \ t I qi 

= N LY,( n+ ) ( n ~) a'r+-'<*<r- t x'! + x?- (5.ii) 
«.* \ s I ql \ 1 I ql 

where 

n' + = s + t (5.12) 

n'_ = n + + ri- — s — t (5.13) 



and by (5.4c) 



Set 



n' + + n'_ = n + + n_ = 2j (5.14) 



n'±=j±m (5.15) 

We may rewrite (5.11) as 



V£ = E^jQ) Sis + t^a^-^d^N^x^) (5.16) 

= J2 D Lm^L (5-17) 

m' 

where 

^ m ' = T7fE( ) ( ) 6(s + t,n' + )a'ir+-<*<r- t (5.18) 



-^m' St \ S I \ t , 
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or 



(«' + )i!(n'_)i!\ 1/2 _ /« 



0<t<n_ 

where we write ( )i for ( ) qi . The corresponding representations of SU q {2) are obtained by 
setting 

d = a (5.20a) 
c = -gift (5.20b) 



Then 

1/2 

VK)l ! (^-)l7 <^n + \ S t / 1 

0<t<n- 

For both SL g (2) and 5C/ 9 (2) we have 



^ - f T^TT^rr V" E ( n+ W n " ) ,)(.s + rv//' -r/*'' -' (5.21) 



= E^C'^1^2) (5.22) 

In obtaining these representations of SL q (2) and SU q (2) that operate on the monomial 
basis (5.4a) we are following a well known procedure for obtaining representations of SU (2). 8 

6 The Gauge Group of the SL q (2) and SU q {2) 
Algebras 

By (5.21) the 2j + 1-dimensional representations of SL q (2) have the following form 

DLn'= E ^(q,8,t)5(8 + t,ri + )a'V*-'<*<T-- t (6.1) 

0<s<n + 

0<t<n_ 

where (a, b, c, d) satisfy the knot algebra (A) defined in Section 4. Here 

n± = j ±m (6.2) 
n' ± = j±m! (6.3) 

D 3 mm , is defined only up to the following gauge transformation on (a, b, c, d) that leaves the 
algebra (A) invariant: 
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a' = e^ a a b' = e ilpb b 

d' = e'^d d = e~^ b c (G) 
We shall also refer to (G) as U a (l) x £4(1). Under the gauge transformation (G), every term 
in D J mm , transforms like 

(a na b nb c nc d nd )' = e iVa ( na ~ nd ^e iVb ( nb ~ nc \a na b nb c nc d nd ) (6.4) 

But by the 5-function in (6.1) 

n„ — rifj = s + (t — n) = n', — n_ = m' + m 

1 ; + (6.5) 

rtb — n c = (n+ — s) — t — n + — n' + — m — m! 

By (6.4) and (6.5) every term of D 3 mm , transforms the same way and therefore the D 3 mm , 
transforms under G as follows: 

DlnL' = e ^ +m '^e^- m '^ b Dl ml (6.6a) 



or 



D^ m , = e i(<Pa+<p b )m e i(<p a -<p b )m' (g >6b ) 

We denote the irreducible representations of SU q {2) by D J mml (a,a,b,b). 
The gauge transformations on SU q (2), namely 



a' = e itpa a 
V = e itfib b 



(6.7) 



induce the same transformations (6.6) on the D J mm ,(a,a,b,b). 

7 Representation of an Oriented Knot 

The oriented knot has three coordinates, namely (N, w, r) the number of crossings N, the 
writhe w, and the rotation r. We may make a coordinate transformation to (j,m,m'), the 
indices that label the irreducible representations D 3 mm , of SL q (2) by setting 

j = N/2 

m = w/2 (7.1) 
m' = (r + l)/2 
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This linear transformation allows half-integer representations and respects the knot con- 
straint requiring w and r to be of opposite parity. In this new coordinate system one may 
label the knot (N, w, r) by D^? +1 (a, b, c, d). One thereby associates with the (N, w, r) knot 

2 2 

a multinomial in the elements of the algebra of the form 

DL m ,(abcd) = E^(?.M)* + «,n'>V + - s c 1 ( f- 1 (7.2) 

where explicit forms of A? mm are given in (5.19) and (5.21). 

Like the Kauffman and Jones polynomials these forms are based on the algebra of the 
classical knot. They are operator expressions that may be evaluated on the state space of 
the algebra. 

Let us next compute a basis in this space. 

Since b and c commute, they have common eigenstates. Let |0) be designated as a ground 
state and let 

(7.3) 
(7.4) 
(7.5) 

We may assume that b and c are Hermitian: 

b = b (7.6) 
c =c (7.7) 

Then the eigenvalues 7 are real and the eigenfunctions are orthogonal. 
From the algebra we see that 

bc\n) = E n \n) (7.8) 

where 

\n) ~ d n \0) (7.9) 

and 

E n = q 2n h (7.10) 



6|0> 


= m 


c|0) 


= 7|0> 


6c|0) 


= /*y|0> 
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This eigenvalue spectrum resembles that of a harmonic oscillator but the levels are arranged 
in geometrical rather than arithmetical progression. We shall refer to this spectrum as the 
g-oscillator spectrum. 

Here d and a are raising and lowering operators respectively. 

d\n) = A n |n + 1) (7.11) 
a\n) = /i n \n — 1) (7-12) 

If there is a highest state M, X M = 0; if there is a lowest state M', fj, M > = 0. We also have 

(7.13) 



ad\n) = a\ n \n + 1) 
= X n fi n+ i\n) 



da\n) = dfi n \n — 1) 
= /j, n \ n ~i\n) 
From the algebra (A), (7.13) and (7.14) become 



and by (7.15) and (7.16) 



Then by (7.8) and (7.10) 



or 



(7.14) 



(l + qbc)\n) = X n fx n+ i\n) (7.15) 

(l + gi6c)|n) = fi n X n -i\n) (7.16) 

If there is both a highest state M, and a lowest state M', then 

X M = Vm> = M' <M (7.17) 



(l + qbc)\M) = (7.18) 
'l + qi bc)\M') = (7.19) 



(g2) M-M'+i = 1 

We assume that q is real, so that 

M' — M + 1 (7.22) 
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Since (7.17) and (7.22) are contradictory, there may be either a highest or a lowest state 
but not both. The same discussion may be given for the SU q (2) algebra. 

In the next section we shall assume that the individual states of excitation of the quantum 
knot are to be represented by D 3 mm ,\n). Since the empirical evidence appears to restrict the 
number of states, there must be an externally required physical boundary condition to cut 
off the otherwise infinite spectrum that is formally required by (7.10). 

8 The Quantum Knot 9 10 11 12 

Since the writhe and rotation of a classical knot are regular topological invariants, they do 
not depend on the size or shape of the knot; i.e., they are conformal invariants that hold for 
microscopic knots as well. It follows that w and r are integrals of the motion for microscopic 
classical knots with spectra determined by the topology of the knot. 

We shall now introduce the quantum knot by interpreting D 3 mm ,(a,b,c,d) as the kine- 
matical description of a quantum state, where 

(J,m,m') = -(N,w,±r + l) (8.1) 

and (N,w,r) describes a classical knot. Since the spectra of (j,m,m') are restricted by 
SL q (2), and the spectra of (N,w,r) are restricted by knot topology, the states of the quan- 
tized knot are thus jointly restricted by both SL q {2) and the knot topology. The equations 
(8.1) establish a correspondence between a quantized knot described by D ^± r+1 and a clas- 

2 2 

sical knot described by (N,w,r), but the correspondence is not one-to-one. There is a 
one-to-one correspondence between the quantum trefoil and the 2d-projection. 

For the trefoil configuration there are four choices of (w,r), namely (3,2), (-3,2), (3,-2), 
(-3,-2). Regarded as classical knots, only two of these trefoils are topologically distinct; but 
we shall consider all four choices of D 3 Jl +1 as distinct quantum states, since the "topological 

2 2 

degeneracy" is lifted by turning on the hypercharge, as we shall see. In the following when 
(w,r) refers to the quantum knot, both w and r may have either sign. 

One may similarly define the eigenstates of the spherical top as irreducible represen- 
tations of 0(3) by D J mm ,(a, j3, 7) where the indices (j,m,m') refer to the angular momen- 
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turn of the top and the arguments (a,j3, 7) to its orientation. It is also possible to define 
the eigenstates of the hydrogen atom as irreducible representations of 0(3), expressed as 
Z)^ m ;(ai, 02, 03) where in this case (ai,a 2 ,a 3 ) are three coordinates on the group space of 
0(3), and where (2j + l,m, m!) are respectively the principal quantum number, the z- 
component of the angular momentum, and the ^-component of the Runge-Lenz vector. 9 
Here the quantum knot is similarly described, but it is defined on the SL q {2) algebra, a 
discrete space rather than a three-dimensional continuum. 

If the knot oscillates like a quantum mechanical harmonic oscillator, the Hamiltonian is 
of the following form: 

H=(aa + aa)— (8.2a) 

Z 

where a and a are raising and lowering operators and 

[a, a] = 1 (8.2b) 

Since the raising and lowering operators of the SL q {2) algebra that correspond to a and 
a of the harmonic oscillator are d and a, the knot analogue of (8.2) is 

H=(ad + da)^- (8.3a) 
z 

but 

[a,d] = (q-qi)bc (8.3b) 

and 

1 1 

-(ad+ da) = 1 + -(q + q x )bc (8.4) 
z\ z\ 

We may generalize the SL q (2) analog of the harmonic oscillator by replacing (8.3) by a more 
general function of ad + da, namely: 

H = H(ad + da)^- (8.5) 
z 



or by (8.4) with a different H 



or with a still different H 



H = H(bc)^- (8.6) 



H = H(b,c)^ (8.7) 
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Let the Hamiltonian of a quantum knot be H(b,c). Let us consider the states of this 
knot defined by D J mm ,\n). We may then compute 



H(b,c)D 3 mm ,\n) = H(b,c 

= Di iml H(qr~ n %q^- nd c)\n) 



^Ai^Sis + ^n'+yb^-'ctd 

s,t 



n——t 



\n) 



(8.9) 



where n a and n d are the exponents of a and d respectively, and n a — n d is by (6.5) the same 
for every term of D J mm ,. Then one has by (7.3), (7.4), and (7.10) 

H{b,c)D j mm ,\n) = Dl m ,H(qr- nd q n P,qr- nd q n l\n) 



where the eigenvalues of H are 



and 



Ei nm ,{n) = H{\(5Al) 



^ _ n~(rn+m') 



(8.10) 



$.11) 



(8.12) 



by (6.5). The eigenstates of H are the D J mm ,\n) and the indices on D 3 mm , are the eigenvalues 
of the integrals of motion. 

The operators that represent the integrals of the motion may be expressed in terms of an 
elementary operator u x that may be defined by its action on every term of D 3 , as follows: 



u x {...x n * ...) =n x (...x n * ...) 
i.e., u x acts like x-§-, a dilatation operator. 



x = (a, b, c, d) 



(8.13) 



Then define 



J\f = (u a + U b + U c + UJ d ) 
W = ((J a - U d + 0J b - U c ) 

TZ = (u a - u d - u b + u c ) 

When Af, W, and 1Z act on D 3 mm , one finds by (6.1) 

ND 3 mm , = 2jD 3 mm , 
WD 3 mm , = 2mD 3 mm , 
11 D 3 = 2m' D 3 



(8.14) 
(8.15) 
(8.16) 

(8.17) 
(8.18) 
(8.19) 
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We shall describe a state function of the quantum knot by 

€r = D N J^\n) (8.20) 

2 2 

following (7.1) where (N,w, |r|) are the number of crossings, writhe, and rotation of the 
corresponding classical knot. Then by Eqs. (8.17)-(8. 19) we have 

-V i>wr = (8-21) 
yV^ r = wilC (8-22) 
= (r + l)iC (8-23) 

where the spectra of (Af,W,lZ) are restricted by the topology of the knot. In addition we 
have 

H(b,c)^ r = E^ r (8.24) 



where by (8.12) and (7.1) 



E^ r = H(\p,\i) and (8.25a) 
A = q n-^(w+r+i) (8.25b) 



9 The Quantum Knot and the Standard Theory 



10,11,12 



One may now attempt to relate D wr+1 (q\abcd) to the internal state of an elementary particle, 

2 2 

which we shall assume to be a boson if N is even and a fermion if N is odd. Since the lowest 
value of N is 3, corresponding to a trefoil, we shall try to identify the four quantum trefoils 
with the four classes of elementary fermions, namely 

(1) v e V T 

(2) e fi r 

(3) d s b 

(4) u c t 

We shall assume that each quantum trefoil has 3 states of excitation, e.g., the 3 states of 
the leptonic trefoil represent (e, /i,r). We shall now represent all four of the elementary 
fermionic trefoils by D 3 Jl+i and the three states of each trefoil by D 3 Jl+i \n), n — 0, 1, 2. 

2 2 2 2 
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In order to identify the 4 quantum trefoils with the 4 families of fermions, it is necessary 
to establish a unique correspondence between the 4 choices of writhe and rotation that 
label the quantum trefoils and the 4 choices of charge and hypercharge that distinguish the 
4 families of fermions. For this purpose we introduce two "knot charges" Q a and Qb by 
rewriting (6.6) as follows: 

Let 

Q a = -k(m + m') = _ k w + r + 1 ( 9 _-q 

W — T — 1 

Q b ee -k(m-m') = -k (9.2) 

where k is an undetermined constant with the dimensions of an electric charge. The classical 
Q a and Qb are conserved since w and r are conserved. By (6.6) the gauge transformations 
(G) on the algebra (A) induce the following gauge transformations on the kinematical states 

I>L? = UaUbDl m , (9.3) 

where 

U a = e - ik ~ lQa(pa (9.4) 

U b = e - ik ~ lQb ^ (9.5) 

Then U a and Ub are two independent gauge transformations on the knot states, and may be 
compared with the two independent gauge transformations defining charge and hypercharge. 
To examine this correspondence we compare the knot charges Q a of the 4 quantum trefoils 
with the electric charges Qf of the four families in Table 9.1. 

Table 9.1 



Trefoils (w, r) 


D N/2 

9. 9. 


Qa 


Fermion Class 


Qf 


(-3,2) 


D 3/2 

tJ 3 3 

2 2 










(3,2) 


D 3/2 

^33 
2 2 


-3A; 




— e 


(3, -2) 


D 3/2 

J-S 3 1 

2 2 


-A; 


(d,s,b) 


3 C 


(-3,-2) 


D 3/2 
J-S 3 1 

2 2 


2A; 


(u,c,t) 


3 C 
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In Table (9.1) and by Eq. (9.1) 

Q a = -k(m + m') = -\{w + r + 1) 
Q/ = electric charge of fermion class 

There is a unique mapping and single value of k that permits one to match the trefoil knots 
with the fermion classes by satisfying 

Q a (w,r) = Q f (9.7) 
where k appears as the quantum of charge: 

k = I (9.8) 



Then 



Q a = ~{w + r + l) (9.9) 



may be considered the electric charge of the quantum trefoil. 

The above mapping is unique in the sense that any other correspondence between the 
trefoils and the fermion classes would destroy the proportionality between Q a and Qf and 
would therefore require more than a single value of k. 

Since Q a ~ m + w! = n a — rid by (9.1) and (6.5), note that the vanishing of Q a implies 

n a = n d (9.10) 
and therefore that a and d may be eliminated from every term of D J mm , with the aid of 

n 

a n d n =H(l + q 2s - 1 bc) (9.11) 

s=l 

as follows from the SL q (2) algebra (A). Therefore electrically neutral states (neutrinos and 
neutral bosons) lie entirely in the (b, c) subalgebra. 

If the symmetry group is SU q (2) then the neutral states lie in the (b, b) subalgebra. Also 
D 3 mm , has opposite charges from D 3 mm , and may be identified as the state of the antiparticle. 

Given the match in Table (9.1) we may now compare all the quantum numbers (t, t 3 , Q) 
labeling the different classes of fermions in the standard representation with the quantum 
numbers (JV, w, r) labeling the corresponding quantum trefoils. 
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Table 9.2 



Standard Representation Trefoil Representation 



t t 3 Q 


w r D J r+1 Q a 


(e/ir) L \ -\ -e 

{yev^r\ \ \ 
{dsb) L \ -\ -\e 
(uct) L \ \ | e 


3 2 D 3 Ji -e 

2 2 

-3 2 D 3/ 3 3 

2 2 

3 -2 Dj^ -±e 
-3 -2 I^K fe 

-2~2 6 



One then reads off the following relations from Table 9.2. 

N 
'=6 

since A/" = 3 for trefoils. 

Also t 3 is proportional to w (not to r) and 

t3 = -? 

Since m = ^ 

m 

Finally in the knot representation the electric charge is by (9.1) and (9.8) 

g 

Qa = -- (m + rri) 
But in the standard theory (point particle representation) 

Q = (*3 + k)e 

Since (9.15) and (9.16) must agree, we have 

1 / 

h + ^0 = - q (^ + "1 ) 

By (9.14) and (9.17) the hypercharge is 

1 , 
to = ~3 m 
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Therefore alternative forms of the quantum state of the fermionic knots are 



D^r+i or D 



3t 



-3*3 — 3to 



(9.19) 



Therefore the invariance group of the algebra, namely U a (l) x C/ b (l), defines the charge and 
hypercharge. 

The preceding relations may be summarized as follows: 



t = ^ 

1 6 



r+1 
6 



(9.20) or 



t = i 

1 3 

u = - 



to - — 3- 

Q e = -I (m + m!) 



(9.21) 



h = - 

to = 

Q e = -l( w + r + l) 

For trefoils N = 3 and j = y = |. The factor | appears because = 3 and indepen- 
dently because the quantum of charge is e/3. The additional factor of 1/2 in the 1/6 factor 
appears because we are describing fermions by 1/2 integer representations. 

Note also that 



^ e N V 2 



or 



m + m' 



and D^ m , 



D 



3t 



-3*3—3*0 



hold for all the fermionic knots. 

We may also define the "writhe charge" and the "rotation charge" : 

w 



Q(w) 
Q(r) 



2 

r + 1 



Then we have 



(9.22) 



(9.23) 
(9.24) 



Q a = Q(w) + Q(r) 
Q b = Q(w)-Q(r) 
Q e = Q{w) + Q{r) 



(9.25) 
(9.26) 
(9.27) 



and 



Q(w) = et 3 
Q(r) = et 
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(9.28) 
(9.29) 



i.e. t 3 and to measure the "writhe charge" and "rotation charge" respectively and the electric 
charge measures the sum. 

The earlier equations (6.6b) and (9.3) may be rewritten in terms of Q(w) and Q(r) as 

D^ia'b'c'd') = e-i Q W^e-i Q W^D%^(abat) (9.30) 

2 2 2 2 

Finally, by (8.18), (8.19) and (9.21) we define the charge operator 

Q = -|^±^(=-|( ro + ro /)) (9.31) 



and by (8.15) and (8.16) 



and by (9.19) and (9.31) 



= -i( Ua - Ud ) with SL q {2) (9.32) 
= -|K-w s ) with SU q (2) (9.33) 



Q ^-k-ato = <^ + h)D% t3 _ 3to (9.34) 



10 The Fermion-Boson Interactions 

To discuss interactions we introduce a knot field theory by replacing the point particles 
of standard theory with quantum knots. This is done by attaching to each normal mode 
a knot state just as one introduces spin by attaching a spin state. The knot states and 
therefore the corresponding fields are represented by operators defined only up to the gauge 
transformations (9.4) and (9.5), and we shall require the action to be invariant under these 
gauge transformations, since they are induced by the underlying transformations that leave 
the defining algebra invariant. Therefore, by Noether's theorem, Q(w) and Q(r) behave, 
in the field theory as well, as conserved charges, consistent with their identification as 
topological charges. 

We therefore assume that the topological charges associated with the knot gauge group 
are conserved by the emission and absorption of bosonic solitons, which also carry topological 
charge, as a consequence of the following fermion-boson interaction. 

^2^1 (10.1) 
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where 

)3/2 
mzn 

B 2 = B 2 (p,s,t)D>(abcd) (10.4) 



T x = F 1 (p,s,t)D 3 J L * m ,(abcd)\n 1 ) (10.2) 



Here F(p, s, t) and B(p, s, t) are the standard fermionic and bosonic normal modes where p 
and s refer to momentum and spin. Then (10.1) becomes 

{FsB 2 F 1 ){n a \D 3 j;^Di n ^D s j;^\n^ (10.5) 

The correction to the standard matrix elements appears in the second factor, namely 

(nsl^^^Jnx) (10.6) 

If there are M generations of fermions, then ri\ and take on values 0, . . . , M — 1. All 
present evidence appears to favor M — 3. We shall assume that the only occupied states 
\n) are n — 0, 1, 2 in order of increasing mass. 

We require that the basic internal interaction be invariant under gauge transformations, 
U a (l) x £4(1), of the underlying algebra, i.e. 

fL> 3/2 ,)7^ ,)'f^ 3/2 0' = ^ 3/2 ^' '^ 3/2 ' (10.7) 

y m^m^J \ m^rri^) \ m\m x j mzm- A m2m 2 mim\ V / 

Then by (9.4) and (9.5) 

exp[ifcp a ](-Q a (3) + Q a (2) + Q (l)) = 1 (10.8) 
exp[ik<p b ](-Q b (3) + Q b (2) + Q b (l)) = 1 (10.9) 

Therefore both Q a and Q b are conserved: 

Q(1) + Q(2) = Q(3) (10.10) 



Then by (9.1) and (9.2) 



m 3 = mi + 1712 (10.11) 
m' z = m^ + m'z (10.12) 
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and the possible values of (j, m, m!) for the intermediate boson are restricted by the known 
values of (j, m, m') for the initial and final fermions. 

If the rules for connecting m and m! to t 3 and to are extended without change from 
fermions to the intermediate boson, then the conservation of Q a and Qb by the basic inter- 
action implies the conservation of t 3 and to by the same interaction. Therefore we adopt for 
bosonic knots the same rules as for fermionic knots: 

m = —3t 3 

w! = -3t (10.13) 
j = 3t 

Applied to the vector bosons these rules imply Table 10.1. The first three columns of 
Table 3 express the fact that W is an isotriplet and W° is an isosinglet in the standard 
theory. 

The fourth column D^ 3t3 _ 3to labels the internal states of the four vector bosons. If 
t — 1, j — 3; and if j = y, as we have assumed, then N = Q and W is a ditrefoil consistent 
with the pair production of fermions by vector bosons. 

Table 10.1 

t *3 ^0 D -3t 3 -3t 

W + 1 10 D 3 _ 30 
W~ 1 -1 £>jj 
W 3 1 D 3 
W° D° 

Note 

Q e = -^(w + r + l) (10.14) 

for the vector bosons, corresponding to (9.22) for fermions. 

Since W° is a U(l) coupling in the standard theory, there is no self-coupling, i.e. it itself 
carries neither electric nor hypercharge. The assignment of j to W° is also restricted in the 
internal matrix element by the g-Clebsch-Gordan rules. 13 ' 14 If j = and we maintain the 
relation j = N/2, then N = and W° is an unknotted clockwise loop. 
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The possibility of extending the conservation laws and the same rule for associating Q a 
and Qb with m and m' to all solitons, as here defined, depends on the fact that Q a and Q b 
depend solely on m and m! and are independent of j. 

The conservation of Q a and Qb, or equivalently of Q w and Q r , i.e. the invariance of the 
action under U a (l) <S> £4(1) is the origin in the knot model of the conservation of £3 and to- 
Electric charge and hypercharge in this model are characterizations of the topology of the 
knotted soliton. Since we are describing a modified standard model, it is essential that t 3 
and t defined by £4(1) x £4(1) agree with the t 3 and t defined by SU(2) x U(l). This 
agreement is expressed in (10.13). 

11 Fermion and Boson State Functions 11 

Acording to (10.5) and (10.6) of the knot model the standard matrix elements are modified 
by the form factors (10.6). To compute these form factors one needs the state functions of 
the fermionic knots as well as the state functions of the bosonic knots. They are shown in 
Tables 11.1 and 11.2 computed according to (5.19) expressed as follows: 



D 3 



mm' 



1 — 




mm' 



(11.1) 



where 




(11.2) 



mm' 



0<s<n+ 
0<t<n- 



E 




1 



1 



(11.3) 



Here 




where ( ) is given by (5.3). In the following tables and applications we shall pass from 




SL q {2) to SU q {2) by setting 



d 



a 



c = -qib 
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in (11.3). We record these form factors for a few of the elementary processes. 



Table 11.1 



Fermions: 



(w, r) : 



D 



D 



N/2 

w_ r + 1 

2 2 

N/2 

w_ r+1 

2 2 



(e/xr) 


(ds6) 


(3,2) 


(3, -2) 






2 2 


2 2 


a 3 









ab 2 



_ A 3/2 

2 2 



(wet) 
(-3,-2) 

2 2 

3 



-3,2) 



D 3/2 



33 
2 2 



gi6a 2 — qffr 3 



Table 11.2 



Bosons: 



where 



Here 



D 



3i 



-3*3—3*0 ' 



r>3 

-^30 



n3t . A3 

-^-3*0-3*0 • ^30 



3l3 



3/i 



a 3 6 



(3) 



^30 



-30 



-30 - ^30 - . .1/2 
(6)l 



\- and 



6 

/6 



1^3 ^0 



r>3 no 

-^oo -^oo 



9l W / 3 (66) /„(&&) 



(6)i! 



3 A (3)i!(3)i! 



(n)i = l + qi + ql + ... + g™" 1 
In this table f% and / are polynomials in bb that may be computed by (11. 1)-(11.3) . 



12 Lepton Neutrino Couplings 11 

Let us consider the process 

I(j) + W- -»P(i) or W"->^(j) + p(i) (12.1) 

The standard matrix element for the absorption of a boson by a £(j) with the emission 
of a is by (10.6) to be multiplied by the following factor 

m(i,j) = (i\ D% Dl Dfl\j) (12.2) 

22 2 2 
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where the double bar signifies an antiparticle in the final state. By the Tables (11.1) and 
(11.2) 

m(M) = A* Q g 3 (*|(-F> 3 5 3 )(a 3 )|j> (12.3) 
m(i,j) = m(n)6(i,j) (12.4) 



or 



where 



and 



Here 



/6\ 1/2 

m(n) = -^J q G+6n Wf{n)f{n+ l)/(n + 2) (12.5) 



n = rii = rij (12-6) 



/(n) = l-g 2 «|/3| 2 (12.7) 

The form factor m(i,j) vanishes if % ^ j and depends on n as shown. Then define 

_ m(n + l) _ 6 l-g 2 " +6 |/3| 2 

m(n) l-g 2 ™|/3| 2 1 * J 



including 



and 



or by (12.9) 



and by (12.10) 



fi 1 ~Q 



= g b : (12.9) 



.1 _ ? 8|fi|2 

l-g 2 |/3| 2 



^i = g 6 ; (12-10) 



R -q 



12 



(12.11) 



l/^f^ (12-12) 
The universal Fermi interaction requires 

#0 = ^ = 1 (12.13) 

and implies by (12.11) and (12.12) 



q = 1 
\/3\ = ^ = .707 



(12.14) 
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If the universal Fermi interaction is not exactly satisfied, then the values of (q, (3) as deter- 
mined by R and R 1 will be shifted slightly away from (12.14). 



13 Charge Changing Quark Couplings 



li 



Let Q (— |, j^j be any quark of charge — |e and let Q be any quark of charge +|e. 

Then we consider 

Q(-Lj)+W + ^Q(l,t) (13.1) 



3'V " V3 

and denote its form factor by 



(ilDy^Di^DT, \j) = m{n)8{n,ni)8{n,n 3 ) (13.2) 

2 2 2 2 

where 

m(n) = -Cg 6n+4 |/3| 6 /(n)/(n + l)/(n - 1) (13.3) 
Here the quark states are denoted by 

and D 3 Jl_ k \i) (13.4) 



and the corresponding state of W + by 



n 3 

-^-30 



In (13.3) 



C = A^ 1 Ai/|_ 1 ((f \ V-A^H (13-5) 



2 2 2 2 



i/,y \3/ J 

and A^ m , is given by (11.2). Again defining i? n by 



we have 



Then 



K = (13.6) 



6 1 - q 4 \P\ 2 m(s + H/+ -» c) 

g i-g" 2 |/3| 2 m(rf + H/+^ M ) 1 J 
P 76 l-g 6 |/3| 2 _ m(fe + H/+^t) 

^ " 9 1-|/3| 2 -m( S + H/+^c) (13 - 8) 
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We again have 

q = 1 

(13.10) 

if Ro = R\ = 1 but according to the Kobayashi-Maskawa matrix we have 

/ Q73\ l / 2 

R " = (im) =' 999 (13 11) 

R, = (||) = 1.01 (13.12) 

Since the diagonal elements of the Kobayashi-Maskawa matrix are not quite equal, q and 
|/3 1 differ slightly from q = l,\f3\ = .707, if these Kobayashi-Maskawa ratios are attributed 
entirely to the knot form factors. 

Table 13.1: The Kobayashi-Maskawa (KM) Matrix 





d 


s 


b 


u 


0.974 


0.226 


0.00359 


c 


0.226 


0.973 


0.0415 


t 


0.009 


0.0407 


0.999 



The elements (13.2) are taken between states \b') that are eigenstates of the Hamiltonian 
H{b, b) and therefore may be regarded as states of definite mass. One may similarly regard 
the eigenstates of d and a, that are raising and lowering, or creation and annihilation 
operators, as flavor states, which are superpositions of mass states. We have seen that 
matrix elements like (13.2), describing transitions between quarks that are mediated by 
weak bosons, are diagonal when taken between the mass eigenstates \V). They are not 
diagonal, however, in accord with Table (13.1), when taken between flavor states as follows: 

(d'\M\a!) = J2(d'\b'}(b'\M\b"}{b"\a'} 
b'b" 

If one requires that (d'\M\a'), taken between flavor states, be a SU(3) matrix, then it is 
natural to parametrize by q, \(3\, and the three complex eigenvalues of a. 19 
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14 The Preon Representation 



15,16 



The model so far described is based on representations D^? +1 of the knot algebra SL q (2) 

2 2 

or SU q (2), where the integers (N,w,r) label classical knots. With these representations 
we define D^r+i \n) to be the state of a "quantum knot" where D^r+i (a, b, c, d) may be 

2 2 2 2 

regarded as a kinematic factor. This state is additionally an eigenstate of the Hamiltonian 
that defines the dynamics of the knot. 

Since the empirical basis of these considerations is the correspondence between the 4 
quantum trefoils and the 4 families of fermions, we have focused on trefoils (N = 3) and 



therefore on j 



N 
2 



As we have seen the 4 families (neutrinos, leptons, up quarks, down 



quarks) may all be represented by elements of the 3/2 representation of SL q {2). They can 
also all be represented by D^3 t3 _ 3to corresponding to the fact that the isotopic spin t — \ 
for all the elementary fermions. 

It is then natural to examine the adjoint (j = 1) and fundamental (j = 1/2) representa- 
tions. To do this we extend the results found for the 3/2 representation, i.e. we set 



J = 
m = 

m' = 



Q 



N o 

T = 3i 

W 

— = -3t 3 
2 3 

r + 1 

— = -3t„ 

— -(m + m) = 



--(w + r + 1) = e(t 3 + t ) 



(14.1) 
(14.2) 

(14.3) 
(14.4) 



According to Eqs. (11. 1)-(11.3) and ignoring numerical factors, the fundamental and adjoint 
representations are shown in Tables (14.1) and (14.2). 



Table 14.1 



Table 14.2 





\ to' 
m \ 


1 

2 


i 

2 


1)1/2 . 
mm' • 


1 

2 


a 


b 




1 
2 


c 


d 



n 1 • 



\ to' 

TO \ 


1 





-1 


1 


a 2 


ab 


b 2 





ac 


ad + be 


bd 


-1 


c 2 


cd 


d 2 



According to (14.2)-(14.4) one finds the values of (t 3 , t , Q) shown in Tables (14.3) and (14.4) 
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Table 14.3 



t.3 tr. 



Q 



Table 14.4 





k 


to 


Q/e 


ni 

mm' 




k 




i 

3 


1 

3 


2 
3 


a 2 







D\ 


1 

3 





1 
3 


ab 


Dlo 







1 

3 


1 

3 





b 2 








k Q/± D mm' k k Oh. J im' 

-| -| ac D 1 _ 11 | -| c 2 

ad + bc D x _ w \ § cd 

II M D 1 _ l _ l III ^ 2 



In these tables a and have opposite values of the charge and hypercharge, while c and 
b are both neutral with opposite values of t 3 and t . 

We next relate the fundamental and adjoint representations to the knot representations 
shown in Table 14.5. 

Table 14.5 



Elementary Fermions D^r+i D 3 Jl+i Q e eto 



(e ,n ,t ) ° 3 _e -f 

2 2 

(z/ e ,z/ M , u T ) D% 2 3 c 3 -f 

2 2 



(u,c,t) D^-i ~ crf2 I e 



e 

3" 6 



In Table 14.5 the four monomials in the knot algebra represent the four fermionic knots. 
This table may also be interpreted by regarding the element a as a creation operator for 
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a preon of charge — e/3, and hypercharge —e/6 and by regarding d as a creation operator 
for a preon of charge +e/3 and hypercharge +e/6 while 6 and c are regarded as creation 
operators for neutral preons with hypercharge e/6 and —e/6 respectively. This interpretation 
is consistent with the charge and hypercharge assignments in Tables 14.3 and 14.4 and also 
with our conclusion from earlier work that adjoint operators (a, d) correspond to opposite 
charges and that the {b, c) sector describes neutral states. According to the same picture 
the fermion knots, like the nucleons, are composed of three fermions, which are now preons. 

The results shown in these tables illustrate the following general statements that can be 
proved for any knot described by D^ 3t3 _ 3to (a, b, c, d)\ 

h = -^{n a - n d + n b - n c ) (14.5) 

to = ~\i. n a ~ n d - n b + n c ) (14.6) 
Q = |(n d -n„) (14.7) 

where (n a , rib, n c , rid) are the exponents of (a, b, c, d) respectively in (5.19). Since the (a, b, c, d) 
are now interpreted as creation operators for (a,b,c,d) preons, the (n a ,nb,n c ,rid) are now 
the numbers of (a,b,c,d) particles. The {n a ,nb,n c ,rid) vary among the terms contributing 
to D^r+i but n a — na, n b — n c , and n a + n b + n c + n d are the same for every term, and 

2 2 

therefore characterize D^r+i = D^ 3t3 _ 3tQ . 
In addition to (14.5)-(14.7) one has 

N' = n a + n b + n c + n d 

(14.8) 

= 2j = N 

where N' is the total number of preons in the knot. Therefore the total number of 
preons (N') in the knot described by D^r+i is equal to the number of crossings 

2 2 

(N). Since the preons are to be regarded as fermions, D^r+i represents a boson or a fermion 

2 2 

depending on whether the number of crossings is even or odd, as we have previously assumed. 

The relations (14.5)-(14.7) may be shown as follows. By (8.17)-(8.19) the operators 
(Af, W, TZ) have eigenvalues (2 j, 2m, 2m') and if one extends (9.19)-(9.21) to all representa- 
tions one has 

(2j, 2m, 2m) = (6t, -6t 3 , -6t ) = (N, w,r + l) (14.9) 
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On the other hand, the eigenvalues of (Af, W, 1Z) when these operators are defined by (8.13)- 
(8.16), may also be expressed as 

(n a + n b + n c + n d ; n a -n d + n b - n c ; n a - n d - n b + n c ) (14. 10) 

Then (14.9) and (14.10) imply (14.5)-(14.7) and (14.8). 

If we maintain the relation j = N/2, then j — 1/2 and j = 1 imply values of N < 3. 
Since the minimum value of N is three for a classical knot, j = 1/2 and j = 1 do not qualify 
as images of classical knots. They may be pictured as quantum images of twisted loops. 
Viewed as a particle a fermion becomes a boson by emitting or absorbing a preon. Viewed 
as a fermionic knot it becomes a bosonic knot by adding or subtracting a curl. A curl in 
turn is a twisted loop that has been cut. 

Although our definition of the quantum knot is based on the knot algebra, it does not 
follow that the quantum knot closely resembles the geometrical knot, just as the quantum 
harmonic oscillator does not closely resemble the classical harmonic oscillator. In particular, 
although the fundamental D l l 2 and adjoint D 1 representations have N < 3 and therefore 
do not qualify as images of knots in the classical sense, they are not thereby disqualified as 
physical just as zero-point oscillations of the harmonic oscillator are not physically disquali- 
fied. Therefore we shall take the view that the D 1 ^, fermions and the D^, bosons qualify 
as particles of new fields and we shall assume that they are subject to the Lagrangian of 
the standard theory and may be discussed in the same way as the fermions and bosons of 
standard theory. 



15 Preons as Physical Particles 

We shall now no longer regard the preons as merely a simple way to describe the algebraic 
structure of the knot polynomials. If these preons are in fact physical particles, the following 
decay modes of the quarks are possible 

down quarks : D 3 J\ — > Du + D\_ Y ab 2 — > a + b 2 

2 2 2 2 

or 

up quarks : D z Jl_ 1 — > D 1 /^ + D 1 ^ cd 2 — > c + d 2 

2 2 2 2 
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and the preons could play an intermediary role as virtual particles in quark processes. 

The justification for considering the preons seriously as physical particles would then no 
longer depend on the knot conjecture but rather on a more general role of SL q {2) gauge 
invariance. Then the preons would appear as matrix elements of the fundamental and 
adjoint representations of SL q {2) just as the fermionic and bosonic quantum knots appear 
in the j = 3/2 and j — 3 representations of SL q (2). 3 In this scenario quantum knots would 
be just one of the manifestations of a SL q (2) related symmetry. There would also be no need 
to introduce a new Lagrangian for the preons since all particles described by representations 
of SL q (2) would be subject to the same modified standard action. 

The simple knot model predicts an unlimited number of excited states 2,3 but it appears 
that there are only three generations, e.g. (d, s, b). According to the preon scenario, however, 
it may be possible to avoid this problem by showing that the quarks will dissociate into 
preons if given a critical "dissociation energy" less than that needed to reach the level of the 
fourth predicted flavor. In that case one would also expect the formation of a preon-quark 
plasma at sufficiently high temperatures. It may be possible to study the thermodynamics 
of the plasma composed of quarks and these hypothetical particles. 

Since the a and a particles are charged (±e/3) one should also expect their electropro- 
duction according to 

e + + e~ — >■ a + a + . . . 

at sufficiently high energies of a colliding (e + ,e~) pair. More generally one should expect 

? — >■ 7 — > a + a + . . . 
if 7 is sufficiently energetic independent of how it is produced. 



16 Field Theory of Quantum Knots 16 

Let us introduce the field ^/ 3 mm ,(x;abcd), the product of the standard point particle field, 
ij^ mm ,{x), and an internal factor D J mm ,, as follows: 

<rn>=i>L m >(x)DL m/ (a,b,c,d) (16.1) 
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These fields undergo transformations of the Poincare algebra when the spacetime points (x) 
are relabelled by transformations that preserve the structure of spacetime, and they also 
undergo gauge transformations when the discrete elements (a, b, c, d) are transformed so as 
to preserve the structure of the knot algebra. By the usual argument the Lagrangian must 
be constructed to be invariant under all of these transformations since the relabelling of 
the continuum and the algebra must not influence the physics. There is then, by Noether's 
theorem, a conserved quantity for each independent gauge transformation. In the familiar 
way the eigenvalues of the corresponding conserved and commuting operators are used to 
label the particles and some of these eigenvalues are functions of the (J, m, m') that label 
the knot particles. 

In much of the following discussion we do not distinguish between SL q {2) and SU q {2) 
but in part of the work we may explicitly refer to SU q {2) by setting d — a and c = —q-J). 

In the knot electroweak theory, just as in the standard model, the fields representing the 
fermion families may be arranged by (16.1) in two isotopic doublets as follows: 

leptons : = ipAx)D 3 j£(abcd) 
neutrinos : = ip v (x)D_3 2 (abed) 

2 2 

and 

down quarks : ^ = ifjd(x)D 3 Ji(abcd) 

" (16-3) 
up quarks : ty u = ip u (x)D_3i{abcd) 

2 2 

Since the gauge transformations on the knot algebra induce corresponding gauge transfor- 
mations on the D 3 mm , according to (6.6b), we then have in the lepton family 



% = ^ e (x) Ui^+^e^-^D^Jliabcd) 



;i6.4) 



or 

;3(,„ ,,„.\ „-3 



^ = e *3(<Pa+W) e *a(Va-W)^ ( 16 . 5 ) 

Likewise for the neutrino family we have 

% = e-^+^VK^^)^ (16.6) 



For the quarks we have 



\$j' d = e i Ufa+Vb) e i^-fb)\i, d (16.7) 
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— e -il(,va+vb) e i\(va-y b )\s, u (16.8) 

The gauge transformations on the knot algebra therefore induce the following diagonal 
SU (2) transformations on the (£, v) and (u, d) doublets 



(16.9) 



as well as the following U(l) transformations 



;i6.io) 



(16.11) 



Here 

(p+ = 3((p a + <p b ) 
<P- = 3((p a - ip b ) 

In summary, the gauge transformations (G) on the algebra induce diagonal SU (2) x U(l) 
transformations on the fermion doublets as follows: 

*%t 3 '-3t = e-^+e-^- M> 3 _* 3t3 _ 3to (16.12) 

where 

f =i, f , = ±i, f „ = i,i (16.13) 

The same Eq. (16.12) holds for the vector boson triplet with t — 1 and the pair (t 3 ,t ) 
as recorded in Table 10.1. 

The gauge transformations (16.12) referring to the SL q (2) or SU q (2) are of course addi- 
tional to the standard gauge transformations referring to isotopic SU(2). 

The statement (16.12) remains true if the transformations are local, i.e., if 

*-3t 3 -3 t0 = e^We^-W*^^ (16.14) 

The preceding equation (16.14) permits the construction of an Abelian field theory based 
solely on the knot algebra. 
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The gauge transformations U a x U h on the knot algebra may also be written in doublet 
form as follows: 



(16.15a) 





;i6.15b) 



where the components of the two doublets are preons. 
Here 



Va 



-(<p+ + <p-) 



¥b = -(<p+-<f-) 



(16.16a) 
(16.16b) 



Transformations that mix a and c or b and d, however, do not leave the knot algebra (A) 
invariant. Hence (16.14) cannot be extended to off-diagonal SU(2) transformations, i.e. to 



Vl/3* ' _ -it<p+(x) -it <p-(x)TTf3t 



(16.17) 



and therefore a non-Abelian field theory cannot be supported solely by the gauge group of 
the knot algebra. On the other hand, the isotopic spin x hypercharge group, SU{2) x U(l), 
is empirically required and the standard electroweak theory postulates that this group is 
local. 

If the vector field is introduced as the connection of this local group in the standard way, 
then in the g-knot modification of the standard theory, one may represent the vector fields 
by (16.1) where Vmm' transforms under local SU(2) x U(l) and where the second factor 
in (6.1), D J mm ,, transforms according to the global gauge symmetry of the knot algebra. 
The two symmetries, local SU(2) x U(l) and global U(a) x U(b), are matched by requiring 
{j,m,m') = 3(*i - t 3 , -t ). 



17 Vector Fields and their Field Strengths 

In the standard theory the vector bosons are quanta of the vector fields and the vector fields 
are connections of an underlying gauge group. In the standard electroweak model there are 
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two gauge groups, namely SU(2), the isotopic spin group, and U(l), the hypercharge group, 
and the corresponding vector connection of SU(2) x U(l) is 



w+t + + w_t_ + w 3 t 3 + w t 



where the tk are the generators of the Lie algebras of SU(2) and U(l): 







1 



1 
-1 



1 



By Eqs. (16.1) and (17.1) the corresponding connection in the knot model is 

(W + t + )V + + (W-t-)V. + (W 3 t 3 )V 3 + (W t )V 

= w + (t + v + ) + W4t_v_) + w 3 (t 3 v 3 ) + w (t v ) 

where the knot factors are 

P_, V 3 , V ) ~ (D 3 30 , D 3 30 , D 3 , D° 00 ) 

and the D 3 mm , are given in Table 10.1. We are now referring explicitly to SU q (2). 
Let us therefore define 

W^igW^+igoWfa 

where 



to 



c±t±V± 

c 3 t 3 V 3 

c t V 



and 



V 3 
V 



b 3 a 3 
a 3 b 3 
f(bb) 
1 



;i7.i) 



(17.2) 



(17.3) 
(17.4) 



(17.5) 

(17.6) 
(17.7) 
(17.8) 



(17.9) 
(17.10) 
(17.11) 
(17.12) 
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Here the V k (k = +, — , 3) differ from the D^ 3t3 _ 3to only by factors absorbed in the c k . 
The c fc will be determined in Section 19. 
Let us define by (17.5) a covariant derivative 

V, = d, + W^ (17.13) 

that satisfies 

V; = SV.S- 1 (17.14) 
where SeSU(2) x U{1) x U a (l) x U b {\). Then 

W; = SW^S' 1 + Sd^S- 1 (17.15) 

The corresponding field strengths are 

>%a = (V^Va) (17.16) 

that transform as 

= SW^xS- 1 (17.17) 

We shall next ignore the W° vector field. By (17.5), (17.13), and (17.16) the non-Abelian 
field strengths are 

>% A = ig( d^W? - d x Wpr m - g 2 W™W{[T m , r e ] (17.18) 



Here 



where 



Then 



[r k , n] = c k c e [[t k , ti\V k V e + tit k [D k , V e ]] (17.19) 



[tkM = c s ke t s (k,£) = (+,-, 3) (17.20) 

[D k ,V t ] = c s k p s (17.21) 

t k t t = Y k ets + \s(k,±)S(e,T) (17.22) 

V k V t = f u V s (17.23) 



[r k , n ] = —C s ke r s + \c k c t 8(k, ±)6(£, T)c s k p s (17.24) 
c s 2 
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where 

C s M = c s M %t + lkcle (17-25) 

The structure coefficients of these algebras, including c s ke and 7| fe as well as the c s ke and 
% e , commute since they are either numerically valued or are functions of bb. They are all 
numerically valued when allowed to operate on states \n) of the g-oscillator. 
It follows from (17.18) and (17.24) that the field strengths are given by 

= Wftr. + W* X V S (17.26) 

where 

W° x = ig{d»W s x - d x W$ - fcncec^c^wpwl (17.27) 

and 

K x = -\g 2 c m c e 5(l, ±)5(m, T )c^ e W^W e x (17.28) 



18 Interactions of the Vector Fields 

(a) Self-Interactions. 

We choose as the vector field invariant the following expectation value: 

I = (0|Tr W&W^IO) (18.1) 

where |0) is the ground state of the g-oscillator defined in Section 7. Here the trace is taken 
over the part dependent on the t k . 
To reduce I consider 

(o|w MA y^ A |o> = E{(°I^A^ rM >>H^r|o> 

n 

+ (0\W° x W^\n}(n\V s V r \0) ^ 
+ {0\W° x W r » x \n){n\T s V r \0) 
+ (0\W^ x W s ^ x \n) (n\V r r s \0)} 

where the sum is over all states of the g-oscillator. 
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Since W^ x and W^ x depend on the algebra of SU q {2) only through bb, they have no 
off-diagonal elements in n. Then 

Tr(0|W^n^ A |0> = Tr{(0|^ A ^ A |0)(0|r s r r |0) 

+ (0\W° x W rflX \0}(0\V s V r \0} + (0|W^ s A W^ A |0) (18.3) 
x(0|r s T? r |0> + (0|^; A ^ A |0)(0|P r r s |0)} 

To continue the reduction of (18.1), we next compute the following factors in (18.3) 

(0|Tr r s r r |0> = c s c r (Tr t a t r )(0\V a V r \0) (18.4) 

where 

(0\V s V r \0) = [5(s,±)5(r,^) + 5(s,3)5(r,3)](0\V r V r \0) (18.5) 

(0|Tr r s V r \0) = (0|Tr V r r s \0) = (18.6) 

Then the field invariant reduces to 

/= ]T (0\A sr W^W r ^ + 2W^W r ^\0}(0\V s V r \0} (18.7) 

s,r=(+,-) 



where 



Here W* x and W° x are given by (17.27) and (17.28) and the matrix elements (0|X> s X> r |0) = 
unless V x = V r . Then 



(0\V + V + \0) = (0|aWa 3 |0) = g 18 (0|(66) 3 a 3 a 3 |0) (18.9) 
(0|P_D_|0) = (0|Pa 3 a 3 6 3 |0) = (0|66) 3 a 3 a 3 |0) (18.10) 
(0\V 3 V 3 \0) = \f(bb)\ 2 (18.11) 

where f(bb) is given by (17.11) and abbreviates Dq . These matrix elements are all functions 
of bb since 



a n a n 



a n a n 



s=l 
n-l 

[](1 -q 2s bb) (18.13) 



s=0 
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The expression W* x is of the same form as in the standard theory but the structure 
coefficients differ from those of the SU(2) algebra because they depend on bb. Since (18.7) 
is evaluated on the state |0) all expressions of the form F{bb) become F(\/3\ 2 ). Therefore the 
structure constants C^ e (bb) buried in W^ x and in turn appearing in (18.7) become C^(|/9| 2 ). 
Then the final reduced form of (0|Tr W mA W^ a |0) in (18.7) will have one part Wj^WJ? 
essentially the same as the standard theory, but with structure constants C s mi depending on 
|/3| 2 . There is also a second part W^ X W^ X depending on c s ml which is dependent on q and 
f3. The sum of these two parts is multiplied by (0\V S V s \0) , also a function of q and (5. The 
functions c s (q, (3) will be given in Section 19. 

(b) Interactions of Vector Bosons and Fermions. 

To describe the boson-fermion interaction we introduce ^ ah where 

*i« = ^i r D r (a,a,b,b)\i) A = l r = v, t {% = 0, 1, 2) 

^2H = ^2rD r (a,a,b,b)\i) A = 2 r = u, d (i = 0, 1, 2) 

Then the boson-fermion interaction is contained in 

(^A)rifrs(^A)si' (18.14) 

where A = 1 labels the {l,v) doublet and A = 2 labels the quark doublet (u,d). To 
obtain improved agreement with experiment, with the Kobayashi-Maskawa matrix, and 
with neutrino oscillations it is necessary to introduce flavor states as described in Ref. 19. 

In Ref. 16 it is shown that the entire action is invariant under the SU{2) x f/(l) x 
U a (l) x Ub(l) symmetries. 



19 The Higgs Sector in the Knot Model 16 

We follow the standard theory in discussing the vector masses and in the process, we shall 
determine the constants (c±,C3,co) introduced in (17.6)-(17.8). 
The neutral couplings are by (17.5) 

i(gW 3 T 3 + g W To) (19.1) 
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Introducing the physical fields (A and Z) in the standard way, we have 



W = Acos9 - Zsin9 
W 3 = Asin9 + Zcos9 

Then (19.1) expressing the neutral couplings becomes 



i(AA + ZZ) 



where 



A = gr 3 sin 9 + g r cos # 
Z = gr 3 cos 6 — g Q r sin 9 



Now take 6 to be the Weinberg angle. Then 



and by (19.5) and (19.6) 



tan 6 = — 
9 



A = g (T 3 + T )cos6 

Z — g(r 3 — t tan 2 9) cos 9 



19.2) 
;i9.3) 



Let \u) be any neutral state. We shall require 

fo + rtOH = 

where \v) is a numerically valued two component state. Then by (19.8) and (19.9) 



A\v) 

Z\v) 



cos 9 



Hence the covariant derivative of a neutral state is 



V = d + ig 



W + T + + W_T. 



Zt 3 



cos 9 



Denote the neutral Higgs scalar (unitary gauge) by 

= p(x)D n \0) 
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(19.4) 

(19.5) 
(19.6) 

(19.7) 

(19.8) 
(19.9) 

(19.10) 

(19.11) 
(19.12) 

(19.13) 

(19.14) 



where D n is the internal state of the neutral Higgs. 

Then the kinetic energy terms of the neutral Higgs in the standard model is by (19.13) 
and (19.14) 



-Tr(V^W) 



x 



d,pd»p + g 2 P 2 [WtW + ,f + r + + W»W^T_t_ + — ^t 3 t 3 ] D n \0) (19.15) 



I d lx pd»p + g 2 p 2 



cos 2 9 
cos 2 9 



;i9.i6) 



where 



/ = \ Tr(0|D nJ D„|0) 

/++ = \ Tr(0\D n f + T + D n \0) 

/__ = \ Tr(0\D n f_T-D n \0) 

J 33 = \ Tr{0\D n f 3 T 3 D n \0) 



(19.17) 



To agree with the masses predicted by the standard model (19.16) must be reduced to the 
following 

d,pd»p + g 2 p 2 



1 



cos 2 9 



where 



p = I^ 2 p 

To achieve this reduction we impose the following relations 



J± = l k = (+, -, 3) 



or 



Tr(0\D n (f k r k )D n \0) 



Tr(0\D n D n \0) 
By (17.6), (17.7) and (19.21) we have 

. 2 (0\D n (D k V k )D n \0) 



= 1 k = (+, 3) 



Cfe 



fc = (+,- 3) 



;i9.i8) 



(19.19) 



(19.20) 



(19.21) 



19.22) 



(0\D n D n \0) 

In (17.6) and (17.7) the coefficients (c±,c 3 ) were introduced as unknown factors. They are 
now fixed by (19.22) as definite functions of q and j3. Here the V k are given by (17.9)-(17.11). 
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The simplest assumption for the neutral Higgs is 

D n = D° 00 = 1 (19.23) 



Then 



By (17.9)-(17.11) 



\c k \- 2 = (0\V k V k \0) k = (-, +, 3) (19.24) 

| c _|- 2 = (0|& 3 a 3 a 3 6 3 |0> (19.25) 

= l/3| 6 II(l-<7i 2t |/3| 2 ) (19-26) 
i 

| c+ |- 2 = (0|aWa 3 |0) (19.27) 

= q 18 \P\ 6 il(l ~ q 2 W) (19-28) 
o 

\c 3 \- 2 = (0\V 3 V 3 \0) (19.29) 

= [/(I/3I 2 )] 2 (19-30) 

If the Cfe satisfy the above relations, then the vector boson masses satisfy the ratios of the 
standard theory according to (19.18). With the same assumption for the Higgs, we shall 
next compute the mass ratios in each fermion family. 



20 The Fermion Mass Term of the Standard Model iU 

In the knot model there is a spectrum of masses that depends on the particular Hamiltonian 
that is assumed for the knot. We shall restrict this Hamiltonian by the requirements that it 
lies in the knot algebra and that its eigenstates are D^r+i \n) as we have previously assumed, 

2 2 

where D^r+i is the kinematic part and the \n) are the eigenstates of the commuting b and c. 

2 2 

Finally, in order that the H introduced in (8.6) qualify as the Hamiltonian of an elementary 
fermionic knot we shall require that it be compatible with the fermion mass term in the 
standard theory, namely 

M = LipR + RipL (20.1) 

where L and R are left- and right-chiral Lorentz spinors and (p is the Higgs field, a Lorentz 
scalar, so that product LipR is Lorentz invariant. In the standard Lagrangian L and if are 
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isotopic doublets. (Lip) and R are separately isotopic singlets and M. is invariant under the 
gauged SU(2) x U(l) group. 

3 /2 

In the knot model L is additionally a fermionic knot with the charge structure D_ 3ts _ 3tQ . 
If a knot singlet is assigned to <p, then ip is neutral (unitary gauge) while the right chiral 
spinor must have the same knot state as the left chiral spinor, namely, D^?+i , in order to 

2 2 

preserve the U a {\) x Ub(l) invariance. Then the standard Higgs mechanism is still possible 
with <p ~ Dq . 

One sees that if the knot state is D 3 Jl +1 for both L and R, the relation between (£3, to) 

2 2 

and (w, r) is different for L and R, but the expression for charge, namely — |(iu+r+l) is the 
same for both. In the standard model L and R have different relations to the isotopic spin 
group; here also they have different relations to the isotopic spin, but the same description 
in the knot algebra. 

If L and R are now assigned the same internal state, and we treat the mass term in the 
same way as the other terms of the Lagrangian, then we have 

L -> X L(w,r,n)D^ 2 r±1 \n) (20.2) 
2 2 

R ->■ XR( w , r , n )D 3 J 2 r+i\n) (20.3) 
2 2 

where XL{w,r,n) and XR{ w ) r ) n ) are the standard fermionic chiral fields for the particle 
labelled (w, r, n). 
Then 

M(w,r,n) = (n\D 3 ll^D 3 ll^\n)(xL¥XR + XrVXl) (20.4) 

22 22 

By the argument of the standard model 



XWXr + XrVXl (20.5) 

may be reduced to 

p(XlXr + XrXl) = PXX (20.6) 
where p is the vacuum expectation value of tp, the Higgs field. Then by (20.1) 

M. (w, r, n) = m(w, r, n)xx (20.7) 
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and by (20.4) 

m(w,r,n) = p(w,r)(n\D 3 ^ 2 ^D 3 J 2 :±1 \n) (20.8) 



2 2 2 2 



Then the four spectra (neutrinos, leptons, down quarks, up quarks) may be expressed as 
follows: 

m v {n) = p(v)(n\b 3 -F\n) (20.9a) 
m e (n) = p{£)(n\a 3 ■ a 3 \n) (20.9b) 
m d{ n ) — p(d){n\b 2 a ■ ab 2 \n) (20.9c) 
m u (n) = p(u)(n\a 2 b-ba 2 \n) (20.9d) 

where the four prefactors (p{y) , p(£) , p(d) , p(u)) are intended to represent the products of 
the vacuum expectation value computed at the four local minima in the Higgs potential 
with the numerical factors in D 3 ^,. The magnitude of p sets the energy scale and differs 
for each family. The expressions (20.9) are based on SU q (2) as in Table (11.1). 

The spectrum of states allowed by the algebra is infinite but there are only three particles 
in each family. Without additional experimental input we have tentatively assigned these 
three particles to the states n — 0, 1,2, in order of mass where n = corresponds to the 
lightest particle. The masses in each spectrum are all proportional to the same p; and hence 
the mass ratios may be computed without ambiguity in terms of the two parameters (q and 
f$) of the model. There are two independent ratios that we choose as 

M=^\ and m = ^- (20.10) 
m(0) m{l) v ; 

and that we may express as functions of q and ft. By (20.19a)-(20.19d) one finds for the 
four families 9,11 

neutrinos: M = m = q 6 (20.11) 

downquarks: \fif = ^ (20.13) 

m — q° M — q° m — q 3 

m-q 2 9 M-q 2 M — q 2 

up quarks: \ = q 2 — — \ , f3 2 = — — \ 20.14 
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The empirical input depends on the masses of the elementary fermions. These are well 
determined for the leptons (e, u, r), but for the quarks they are not even well defined. Since 
the quarks do not exist as free particles, the quoted masses depend on the theoretical 
procedure for defining them. There is then a range of "masses" given by the Particle Data 
Group. Our treatment of mass is limited by its dependence on the mass term of the standard 
theory, as well as by an arbitrary assignment of n, and because the binding associated with 
the gluon and gravitational fields is either ignored or in some indirect way recognized in the 
mass term. 

As already noted, the model permits higher excited states, but no fourth generation 
particles have been found, and the fourth generation lepton is already excluded by the known 
width of the Z°. Additional physical restrictions on the model are therefore required. It is 
possible, for example, that these g-solitons will dissociate into preons at energies below the 
mass of the fourth excited state. The dissociation energy would depend on the dynamics of 
the preons. 

The neutrino mass spectrum is also a strong constraint on the model; at present the data 
on this spectrum are compatible with q = 1. In applications to fermionic currents, both in 
the lepton-neutrino sector and in the Kobayashi-Maskawa sector, the data are compatible 
with q = l. 

21 Gluon Charge 15 17 

The previous considerations are based on electroweak physics. To describe the strong inter- 
actions it is necessary according to standard theory to introduce SU(3) charge. We shall 
therefore assume that each of the four preon operators appears in triplicate (aj, b iy Ci, dj) 
where % = R,Y,G, without changing the algebra (A). We shall assume that these colored 
preon operators provide a basis for the fundamental representation of SU(3) just as the 
colored quark operators do in standard theory, i.e. that color is not an emergent property 
but appears already at the preon level. 

To adapt the electroweak operators to the requirements of the standard theory we make 
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the following replacements: 



leptons 



a 3 — > e l: > k aiajak 



(21.1) 



down quarks 



neutrinos 



c 3 e ijk CiCjC k 
ab 2 ->■ ai(b k b k ) 



(21.2) 



(21.3) 



up quarks 



cd 2 Ci^cPdk) 



(21.4) 



where 6 fc and c/ fc ~ 3 representation of SU(3) and (i,j,k) = (R,Y,G) and (g^c^) are 
creation operators for colored preons. Then the creation operators for the leptons and 
neutrinos are color singlets while the creation operators for the quark states provide a basis 
for the fundamental representation of SU(3), as required by standard theory. 

Here b and b, as well as d and d, are antiparticles with respect to SU(3) but have the same 
values of £3 and to- Alternatively replace b k b k and d k d k by g ke b k bg and g ke d k de respectively 
where g ke is the group metric of SU(3). 



We have ascribed to the quantum knot the state function Dl nm ,{q\abcd) ) an irreducible 
representation of the knot algebra SL q (2), where the indices j — y, m — ^, ml — ^y-^ are 
restricted to values of (N,w,r) allowed by the classical (geometrical) knots. The quantum 
knots have more degrees of freedom than their classical images with the consequence that 
two quantum knots may be distinguishable when their classical images are topologically 
indistinguishable. 

In particular there are four distinguishable quantum trefoils with (w,r) = (±3, ±2) but 
only two of their classical images (w, r) = (±3, 2) are topologically different. In the physical 
application (w,r) = (±3,2) describe the leptons and neutrinos while (w,r) = (±3,-2) 
describe the two varieties of quarks, i.e., the two additional quantum knots are required to 
permit the description of hypercharge and colored fermions. 

These considerations have led us to two complementary models of the elementary parti- 
cles, namely 



22 The Complementary Models 1 
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(a) quantum knots 

(b) preon structures 



that are the field and particle descriptions of the same particles. The correspondence may 
be expressed by the following relations according to (14.9) and (14.10) 

w = n a - n d + n b - n c (= 2m = -6t 3 ) (22.1) 
r + 1 = n a - n d - n b + n c {= 2m' = -6t ) (22.2) 
N = n a + n b + n c + n d (= 2j = 6t) (22.3) 

Here (N,w,r) describe the number of crossings, the writhe and the rotation of the particle 
regarded as a quantum knot of field while (n a ,nb,n c ,nd) record the number of (a,b,c,d) 
preons in the dual description of the same structure. 
We have also described this particle by 

DLnf = D -st 3 -st = D N J^ (22.4) 



2 2 



The knot (N,w,r) and the preon (n a ,nb,n c ,nd) descriptions share the same representa- 
tion of SL q {2) as follows: 

In terms of (N, w, r) one has D J mm , = D^?+i where 



D I l{^+ 1 (q\abcd) = 

2 2 



(n' + )\(n'_)\ 
(n + )\(n-)\ 



1/2 



[) { ) 5{s + t,n t + )a s b n +- s c t d n — t 



0<s<n + \ S I \ t 
0<t<n_ 

(22.5) 

and again in terms of (JV, w, r) 

n± = -[N±w] (22.6) 
n' ± = i[JV±(r + l)] (22.7) 

The complementary description expressed in terms of the population numbers (n a , rib, n c ^d) 



is 



DLn, = < Vb (22-8) 
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where N' is by (14.8) the total number of preons 
V 



,tv' (n a + n c )\(n b + n d )\ 



(n a + n b )\{n c + n d ) 



1/2 _ /n a + n b \ ln c + n d \ 

]T ( ) ( ) a na b nb c n *d nd (22.9) 



N'>n a ,n b >0 
N'>n c ,n d >0 



qi 1 c ' <?i 



The limits on J2, literally translated from D 3 mm , are shown in the expression for T>% 
but these limits simply describe the requirement that all population numbers, n, satisfy 
N' > rii > 0, since N >w >0. 

Here the exponents (n a , n bl n c , n d ) of {abed) are 

n a = s rib = n + — s 

+ (22.10) 
n c — t n d = n_ — t 

They are related to (n + , n_, n' + , n'_) by 

n+ = n a + n b n ' + = n a + n c (22 11) 

n_ = n c + n d n'_ = n b + n d 

Since a and <i have opposite charge and hypercharge, while b and c are neutral with opposite 
hypercharge, we may define the "preon numbers" u a and v b as follows 



v a = n a - n d 
H = n b - n c 

N' 



(22.12) 



The preon numbers are the same for every term of 'D„ aVb , in (22.9), since 



(22.13) 



v a + v b = 2m = w 
v a — v b = 2m' = r + 1 

By (22.13) the conservation of the writhe and rotation is equivalent to the conservation of 
the preon numbers v a and v b , and the kinematic factor is described equally well by (N, w, r) 
and (N, u a , u b ). Viewed as twisted loops, the preons could be prevented from unrolling into 
simple loops by the dynamical conservation of writhe and rotation (computed in the same 
way as for knots). Viewed as a particle the preon could be conserved by the dynamical 
conservation of preon numbers. 

The trefoil solutions of the equations (22.1)-(22.3) relating (N,w,r) to (n a ,n b ,n c ,n d ) 
are given in Table 22.1: 
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Table 22.1 









Uc 
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3 











V 








3 





d 


1 


2 








u 








1 


2 



(22.14) 



In general 



V lv b = E + "b, w)6(u a -v b ,r+ l)^V±i (22.15) 

TVuir 



Since the number of crossings equals the number of preons, one may speculate that there 
is one preon at each crossing if both preons and crossings are considered pointlike. If the 
pointlike crossings are labelled (xix 2 x 3 ), then the wave functions of the trefoils representing 
leptons (£), neutrinos (v), down quarks (d), up quarks (u) are as follows: 

tye(xix 2 x 3 ) = e t ' jk i)i(a\x 1 )i) j (a\x 2 )^k{.a\x 3 ) (22.16) 

* v (fif 2 ^3) = e ijk ip i (c\x 1 )^ j (c\x 2 )'ipk( c \^3) (22.17) 
^ d (xiS 2 x 3 ) = Vi(a|^i)^'(6|^2)^(6|x 3 ) (22.18) 
^ u {xix 2 x z ) = ^(clx^idlx^jidlxs) (22.19) 

where i = (R, Y, G) and ipi(a\x) . . . ipi(d\x) are colored 5-like functions localizing the preons 
at the crossings. 

Then the wave function of a lepton describes a singlet trefoil particle containing three 
preons of charge (— e/3) and hypercharge (— e/6). 

The corresponding characterization of a neutrino describes a singlet trefoil containing 
three neutral preons of hypercharge (—e/6). 

The wave function of a down quark describes a colored trefoil particle containing one 
a-preon with charge (—e/3) and hypercharge (—e/6) and two neutral 6-preons with hyper- 
charge (e/6). 

The corresponding characterization of an up-quark describes a colored trefoil containing 
two charged (i-preons with charges (e/3) and hypercharge (e/6), and one neutral c-preon 
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with hypercharge (— e/6). 

This hypothetical structure is held together by the trefoil of field connecting the charged 
preons. A search for this kind of substructure depends critically on the mass of the con- 
jectured preons and the strength with which they are bound. Since there is no empirical 
information to guide us in discussing the hypothetical preons, either in fixing the masses 
of the fermionic preons or in determining the fields comprising the binding trefoil, we shall 
assume that the preonic fermions and bosons conform to the same general rules as the fa- 
miliar fermions and bosons. Under these assumptions we shall now consider the masses of 
the fermionic preons and the interactions of the bosonic preons. 



23 Mass of Preons 

Let us assume that the mass of the preon is computed in the same way as we have computed 
the mass of the elementary fermions, i.e., by adopting the mass terms of the standard theory, 
namely 1 

M = L(pR + R(pL (23.1) 

where L and R are left and right chiral spinors and ip is the Higgs scalar. 

We shall assign a SU q {2) singlet structure to ip (unitary gauge) and the preon represen- 

1/2 

tation D^ m i to both L and R. Then we substitute for L and R as follows: 



L -> XlD^IO) (23.2) 

R^XRDliln (23.3) 

where xl and xr are standard fermionic fields and D nim , |0) describes the internal structure 
of the preons. Here |0) is the ground state of the SU q (2) algebra. Then 

M = (0\D 1 J^D 1 J^ i \0)(xl<PXr + Xr^) (23.4) 

= M{m,m')Xx (23.5) 

where the mass is 

M(m,m') = P(m,m')(0|^,^i|0) (23.6) 
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where p(m, m!) is the vacuum expectation value of the Higgs field at a local minimum of 
the "Higgs potential" . 

We shall assume that there are 4 local minima of the Higgs potential, so that 



For example, the mass of the Dn 2 preon is 

2 2 



,2' 2/ r V2'2 
The mass of the electron computed in the same way is 



M il>l) =p(^)(0H0> (23.8) 



M(i^)=p(il H0|flV|0> (23.9) 



,2 2/ V2 7 2 

Then the ratio of the preon mass (m p ) to the electron mass (m e ) is 

\ _p(hi) (0\aa\0) 



m r , 



(23.10) 



m e p (|,|)(0|a3 a 3| ) 

The model leads to additional relations between the corresponding Higgs fields. 
Let the vacuum expectation values of these fields be {p a , Pb, Pc, Pd) where 

{pa, Pb, Pc, Pd) = (p (~) , P (1,-1) , P (-hi) , P (-l'-D) (23.11) 



,22/ V2 2/ ' V 2 2/ ' V 2 2 
respectively. Then under the assumption that the quantum group is SU q (2), one has 

d — a 
c = -qj) 

and the mass ratio of a to d is 



(23.12) 



m a p a (QjqqjO) 
™ d Pd (0|dd|0) 
Pa l-9i 2 |/3| 2 



Pd 1-|/3| 



2 



Similarly the mass ratio of b to c is 

mb p b (OjgjQ) 
m c p c (0|cc|0) 
>P 
Pc 



(23.13) 
(23.14) 

(23.15) 

|UU|U/ 

g 2 ^ (23.16) 
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Since a and d and also b and c are antiparticles, their masses are equal under the usual 
forms of the quantum theory that conserve TCP. 
Then within the limitations of the model 

p _ 1-|/3| 2 

Pa " { } 

P - = qj (23.18) 

Pc 



24 Electroweak Interactions of Preons 

The weak vectors of standard theory belong to the j — 3 and the j — representations 
of the SU q (2) quantum group. Of these only the j = vector interacts with the j = 1/2 
preons. The j = 1 vector preon will, however, connect with the j = 1/2 states. This is a 
new interaction that would contribute to the binding of the preons into a composite particle. 
If the internal states are consistently represented by Z?i* 3t 3t the weak vector bosons 

— * 

(W) of the standard theory correspond to j = 3 and t — 1 as previously shown and given 
in Table 24.1: 

Table 24.1 
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to 


D 3t 

-^-3*3-3*0 




w + 
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i 





/>••:;„ - S 3 * 3 




w- 
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-l 





£>f ~ a 3 b 3 = 


= 2?_(1) 


w 3 


1 








D 3 00 ~ / 3 (W) 


= ^o(l) 



The corresponding states of the vector preons with j = 1 and t = 1/3 are given in Table 
24.2: 

Table 24.2 
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to 


D% t5 - 


-3t 


w + 
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3 
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3 





D'-io- 


= cd^ba = P+(l/3) 


w~ 


1 

3 


1 

3 





D\o = 


afe = ©-(1/3) 


w 3 


1 

3 








Dlo = 


arf + 6c = 1 - (1 + gi)66 = Z> (l/3) 
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The elements of D^ 3t3 _ 3tQ representing the vector triplets in both tables may be read as 
composite creation operators with a, b, c, d carrying the correct charge and hypercharge 
for fermionic preons. In both cases the operators T>i(t) satisfy the following commutation 
relations 



[V l {t) ) VM=^Mbb)V k {t) 



1, - and 



k) = (+,-, 3) 



We introduce the covariant derivatives 



(24.1) 



V,(f) = 19, + W,(t) 



(24.2) 



with the matrix vector potential 



>%(*) = W-(t)tJD.(t) + W + (t)t + V + (t) + W 3 (t)t 3 T> 3 (t) 



(24.3) 



where 



and 




t- = 



<0 1^ 





(24.4) 



(24.5) 



In the preceding equations (24.3)-(24.5) we have here adopted the same form for the weak 
preon vectors as for the standard weak vectors. The vector field strengths are 



W MA (t) = [V,(t),V A (t)] 



(24.6) 



and the electroweak field lagrangian contains the following invariants: 



L(t) = Tr(0\W, x (t)W»\t)\0) t = l,- 



(24.7) 



The preon interactions are mediated by the vector fields for which t — 1/3 and not by the 
vector fields of the standard theory for which t — 1. These interactions are induced by the 
kinetic term: 

(0|PyQp|0> (24.8) 
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where P is the doublet and y(|J is given by (24.2). 

w 

The field lagrangian, L(t), reduces to a form similar to that of a lagrangian of a non- 
Abelian vector field that is derived from a Lie algebra. Unlike the standard case, however, 
L(t) has structure constants that depend on q and (3. 



25 Remarks 8 

The model described in this review is constructed by replacing the point particles of the 
standard model by quantum knots, described as members of the irreducible representations 
of SL q {2), the knot algebra. This replacement is carried out by multiplying the normal 
modes and hence the field operators of the standard model by the state functions of the 
quantum knots. The essential speculative elements of the modified standard model include 
(a) the Higgs potential, necessary for standard electroweak theory, and (b) the quantum 
group SL q {2) essential for the conceptual simplification of the electroweak theory that is 
described here. Both the Higgs potential and SL q (2), raise unanswered questions. Let us 
consider SL q (2) first. 

The gauge group of the SL q (2) algebra permits a classification of the elementary fermions 
and hypothetical preons as matrix elements of the j = 3/2 and j = 1/2 representations 
respectively of either SL q {2) or SU q {2). Since these quantum groups describe familiar 
symmetries when q — 1, and since only the deviation of q from unity permits the conceptually 
simpler picture that the quantum groups permit, the view that one takes of the parameter, 
q, becomes important for the view that one takes of our use of SL q (2) or SU q (2) itself. Like 
Planck's constant, which normalizes the non-Abelian Heisenberg algebra, the parameter q 
also normalizes a non-Abelian algebra but an algebra dependent on e q instead of i, where 
e q is also a square root of -1. Unlike Ti which has the dimension of an action, the constant 
q is dimensionless. 

The introduction of substructure, determined by the SL q {2) algebra, for the quantum 
fields in terms of preons resembles the introduction of substructure for the classical fields 
in terms of field quanta determined by the Heisenberg algebra holding for conjugate field 
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operators. This analogy suggests a comparison of the SL q (2) algebra determined by q with 
the Heisenberg algebra determined by h. 

The SL q (2) algebra leaves invariant the quadratic form: 



under the transformations 



where 



K = A l t q A 

A' = TA TeSL q (2) 
( 



e i = 



q-' 2 
y -q 1 ' 2 



as defined in (3.3). 

Let us normalize the invariant K by setting K = q~ x l 2 . If we now choose 



\ x i 



we have by (25.1) the SL q (2) invariant relation 

D x x — qxD x = 1 

This equation may be satisfied if D x is chosen as the g-difference operator: 

ip(qx) — ip(x) 



D x ip(x) = 



qx — x 



Let 



Then 



h 

i 



Px . Dx 



If q is near unity 



then 



(P x x - qxP x )ip(x) = -^(x) 



q=l + S 

ip(x + 5x) — ip(x) 



D x ip(x) 



(25.1) 



(25.2) 



(25.3) 



(25.4) 



(25.5) 



Sx 



(25.6) 



(25.7) 



(25.8) 



(25.9) 



(25.10) 
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In the limit 5 = 

D x ^(x) = ^(x) (25.11) 

and 

P= % -±- (25-12) 

i ax 

Then (25.8) becomes the Heisenberg commutator 

(P x x - xP x ) ^{x) = -^(x) (25. 13) 

The operator D x may also be expressed in the notation of "basic numbers" , which are useful 
for discussing SL q (2), as follows: Let 

9 = x4- (25.14) 
dx 

Then 

q e f(x) = f(qx) (25.15) 

and by (25.6) 

xD~ = 

q-l 



q e - 1 

xD x = (25.16) 



or 



xD x = (9) (25.17) 

= < 25 - i8 > 

so that xD x is a "basic dilatation operator" . If q is near unity, D resembles the differentiation 
operator on a lattice space and q may play the role of a dimensionless regulator. 

In view of the physical evidence suggestive of substructure that has been described here, 
as well as the natural appearance of the non-standard q- derivatives, it may be possible to 
utilize SL q (2) to describe a finer level of structure than is currently considered. 

On the other hand, the basic question is whether SL q (2) or SU q (2) are fundamental 
symmetries, and whether q is accordingly a fundamental physical constant that comes out 
differently in different contexts, depending on other neglected physics; or whether the q- 
model is simply an effective theory, where q and (3 are surrogates for physics ignored in the 
standard model. 
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Let us finally consider the Higgs potential which has a single minimum in the standard 
model. The calculationn of mass described here is not an essential part of the knot model but 
presents an interesting possibility if one assumes that the "Higgs potential" has a sequence 
of local minima associated with one or more scalar fields. Then by consistent use of the 
Higgs mass term it is in principle possible to calculate all the masses of the model in terms 
of these minima. The question then would be how these minima should be regarded if they 
exist. They might be considered simply as given data determining boundary conditions on 
the model. On the other hand, since the gravitational field has been ignored and since all 
masses are sources of the gravitational field, there is the possibility that the complete set of 
"Higgs scalars" might appear as part of the expanded Einstein field, especially since scalar 
fields appear in supergravity theories. 

Acknowledgement: I thank J. Smit and A.C. Cadavid for helpful discussions. 
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